EMPIRICAL BAYES POISSON MATRIX FACTORIZATION

ZIHAO WANG
1. Overview. We introduce an Empirical Bayes approach to Poisson Matrix
Factorization (EBPMF), whose key feature is that it uses the observed data to esti-

mate prior distributions on matrix elements. We solve this problem using Variational
Inference, which reduces the fitting of EBPMF to solving “Poisson Means” problem.

The writeup us organized as follows.
* Section 2 introduces notation.

* Section 3 introduces the Empirical Bayes Poisson Mean problem (EBPM)

* Section 4 derives the Maximum Likelihood Estimation for Poisson Matrix
Factorization using Expectation-Maximization (EM), which is the same as
lee’s multiplicative update

* Section 5 introduces the rank-1 version of EBPMF, and shows its connection
to the EBPM problem

* Section 6 introduces the rank-k version of EBPMF, and shows its connection
to the EBPM problem

2. Notation.

* For a 3d tensor Z;j; with shape (n,p, K), I use capital character to indicate
a slice along that axis. For example, Zr;; means Zi., ji. Similar notation
applies to 2d arrays.

* <x>q = EQ(x)

3. Empirical Bayes Poisson Mean Problem (EBPM). Suppose we have
observations « and scale s, and we assume the following generating process.

x;|A; ~ Pois(s;\;)
Ai ~g(.)
geg
Our goal is to find
g = argmax, {(g) = argmax log p(z|g, s)
p = p(>\|:13,[], 8)
Suppose we can solve this type of problem, and use EBPM to denote the mapping;:

EBPM(z,s) = (p,9)

REMARK. The MLE for the Poisson mean problem is i = %

4. MLE for Poisson Matrix Factorization (PMF). Let’s first look at an
algorithm of a related problem - MLE for Poisson Matrix Factorization (PMF):
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Xij ~ POiS(Z likfjk)
k

and we want to find the MLE for L, F. The most popular algorithm is lee’s multi-
plicative update, which is essentially an EM algorithm.

4.1. rank 1 case. We set K = 1. It is easy to see that the optimal I;, f; (update
to a scaling factor between I, f) is

REMARK. We can see that the optimal l is the MLE solution to the Poisson mean
problem where x; := 3>, X;; and s; ==}, f;. Similar remark for f.

4.2. rank k case. In EM we use the data augmentation trick which can reduce
solving the rank-k problem to solving rank-1 problems:

Xij = Z Zijk
k
Zijk ~ POiS(likfjk)
In E-step, we compute p(Zj;|Xij, lir, fjr), which gives us (Zjji), = X”%
In M-step, we update L, F' by optimizing E[log p(X, Z|L, F')], which gives us

e = > (Zijk),
Z]‘ fjk
; > {Zijk),
-

’ Zi lik

REMARK. We can expand (Zijk)p and get the famous lee’s multiplicative update,
but this form is more similar to our Poisson Mean problem: each column of the updated
L is the MLE for Poisson Mean problem with z; := Zj (Zijk>p and s; = Zj fik-
Similar remark for F.

5. EBPMEF: rank-1. I will solve this problem using Mean-Field Variational
Inference, which can be shown to be equivalent to the EBPM problem. This naturally
provides us with an algorithm to solve EBPMF (rank-1) problem. Then it is also easy
to see the connection between our algorithm and the EM for PMF (rank-1).

5.1. Model.

Xij ~ Pois(li f;)
li ~ gL(')7gL S g
fi~gr(),9r €G

We assume that data is from a Poisson distribution, and the mean is rank-1. We can
impose different priors on elements of I, f.
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Our goal is to find:
gL, gr := argmax l(gr, gr) = argmax log p(X|gr, gr)

and posterior of I, f: p(l| X, g1, g7), p(fI1X,gF, gF).

5.2. Variational Inference. The marginal p(X|gr,gr) is intractable. There-
fore, we use mean-field variational inference, by using approximating distribution
q(l, f) = qr()gr(f). Then we have:

log p(X|gr,gr) = ELBO(qr,qr, 9, 9r) + KL(qa(l, f)|lp(L, £1X, 91, 9r))
> ELBO(qr,qr, 9L, 9F)
where the evidence lower bound (ELBO) is defined by

ELBO(qr,qr, 91, 9r) := Ey(log p(X,1, f)) — Ey(log q(l, f))

gr(l) gr(f)
= E,llog p(X|l, f) + log
ol (Xt 1) qr(l) QF(f)]
Now the goal is to maximize ELBO over qr,,qr, 91, gr-
5.3. Optimize ELBO by solving EBPM problem. By proposition A.1, we
can see

+ log

argmax,, . ELBO(qL,qr,gr,9r) = EBPM(D>_ Xy, (> (1:)1)

argmax, .. ELBO(QLM]F’QL,QF) = EBPM(Z Xi]’ (Z <fj>)1)

J J

Next, by observing that in ebpm(x,sl), the estimated prior and approximate
posterior (g,q) for sA is invariant to the value of s, we can see the the equations
above are sufficient and necessary conditions for optimality. Therefore we have the
simple algorithm for "EBPMF-rank1” this way:

Algorithm 5.1 Alternating Optimization for EBPMF (rank-1)
Result: ¢r,4r, g1, gr
Input: X, initial values q(LO)7 q;?), g(LO), g;?)

s 9 <= EBPM (32, Xijs (32, (li) j0)1)

G5, 91, < EBPM(3_; Xijs (325 (f3) g5 )1)

REMARK. It is clear that both algorithms solve the same Poisson Means problems.
In PMF-MLE we use MLE for the Poisson Means problem; in EBPMF we solve it
with an Empirical Bayes approach instead.

6. EBPMF: rank-k. Like in the rank-k case for PMF-MLE, we introduce hid-

den variable Z;;:
Xij =Y Zijk
k

Zijlc ~ POiS(likfjk>

Lik ~9r.k(.), 906 €G

fik ~ 9gri(.),9rk €G
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We introduce hidden variable Z so that it is easy to see the connection to ”"rank-1”
case. Independent priors for placed for each column of F, L, both for flexible model-
ing, and computational convenience.

6.1. Variational Inference. Similarly, we use factorized varaitional inference:

q(L,F,Z) = qr(L)qr(F)qz(Z)
4z(Ziji:x) = MN(Xij, Gij1:x)

The optimal parametric family of ¢, (L), ¢r(F') is dependent on the choice of G.

2. Reduce rank-k to rank-1. The ELBO for rank-k case is:

(6.1)
ELBO(q,g) = Eq4llog p(X,L, F, Z|gr 1.5, 9F1:k )| — Eqlog qr.(L) — Eq4log qr(F) — Eglog qz(Z)

gr(L) gr(F)
@) 1 P —log qz(Z)}

= B{D_[~linfir + Zijulog(lix fix) — log(Ziji!)]

ijk

= Eq{log p(Z|L, F) + log

gr(L) gr(F)
qr(L) qr(F)

- Z Z ZzgklOg C’L]k + lOQ zg Z log 1jk
L
= SIS ) )y ad Goatta, + o) + Bt 2%
- Z zgk lOg Cljk ZZOQ Z]

ijk

+ log + log

+ log g
q

REMARK. In the second equation, X is ignored as ), Z;ji, = X;j with probability
1 under qz(.).

Now the last equation tells us how to optimize the ELBO. We separate parame-
ters into two parts (g1, 9r,qr,qr) and gz, then optimize alternatingly.
If we fix ¢(Z), The first part is just k£ ELBOs for rank-1 problem (X,; replaced with
(Zijk),), which we can solve independently.
If we fix the rest and optimize ¢(Z): we can decompose the problem into np indepen-
dent subproblems, each can be solved analytically (using Lagrange multiplier). The
optimizer w.r.t  is:

Gijre o< exp((Inlir)), + (In(fik)),)

ZCijk =1
k

The agorithm is summarized below.
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Algorithm 6.1 Alternating Optimization for EBPMF (rank-k)

Result: (jLa (ij gLv QF

Input: X, initial values q(L()’)l:K, ql(g)u(a g(LU?l:K, ggi:K
t+1
while not converged do

t—1t+1
for k < 1 to do
00 a0 0¥ = EBPMF-rank1((Zi;), , Vg
update ¢z
end
end

t—1
’qgf,k )

(t-1)
' 9F K

)




Appendices

A. Connecting EBPM problem to EBPM problem.
ProOPOSITION A.1.
argmaz,, .. ELBO(qr,qr,91,9F) = EBPM(ZXM, (Z {LiN1)
where (1;), == Eq, (I;).

Proof. The idea is that LHS is also the ELBO for the RHS. In order to see this,
we define the ELBO for RHS as F”M then show LHS can be expressed as F©'M,

Let’s define

FPM(qy, gim, 8) := Eyllog p(x|A, s) + wg(j
A

Z log(zy!)

By the following lemma, we can see F©'M is the ELBO of the RHS:
LEMMA A.2.

= ZEq(_St)\t + .’Ethg(St)\t ) + E (
t

argmaac%7gFPM(q,\,g;w7 s) = EBPM(x,s)

Proof.

{(g) = log p(z|g)

= Eyllog p(x|g)]
p(x, Alg)
p(Alz, g)
p(z, Alg) () ]

= F, llo +lo
dlos =) T N g)

A
qi(()\))] + KL(qxl|pAj,g)

— FPM(qy, gi @, 8) + K L(gx|[paje.q)
> F"M (g, g;, )

= Eyllog —~7—]

= Eqllog p(x|A) + log

Then by

F"M(qx, 9) = U(g) — KL(qx|IPAj,g)

we know the maximizer (over ¢) for FPM(qy,g) is the posterior PAw,g» Which also
makes KL divergence equal 0. Therefore we have

maazqthPM(qA,g) = maxgl(g)

Then our lemma follows. O



Then we can express ELBO (w.r.t F) in terms of FF:

gr(l) o gr(f)

aw®) " ae(f)

ELBO(qr, gr) = Eqllog p(X|L, f) + log ]

= S B AN + (X Koy Jy +tog 2 4 const
r p ; qr(f;)
= F"™(qp,gr: Y Xij, (O (1i)1) + const
Therefore, our proposition follows. 0

B. ELBO computation. We do not need to compute ELBO explicitly in our
algorithm, but it is useful as an indicator of progress for the algorithm.

B.1. rank 1. ELBO for rank-1 is:

ELBO(QLqu;gL’gF) = Eq[lOg p(X|l, f) + lOg QL(l) + lquF(f)}

= Z[* (li)g (f3)q + Xij((log(ls))q + (log(f1)),)]

gr(l) gr(f) .
+ E[log oM logqF(f)} - iZjlog(X”!)

However, we can’t get a closed form expression for the terms

gr(l) gr(f)
E,llog o) + log o (F)

But fortunately we can use the relationship between ELBO and the corresponding
EBPM problem.
After each update of our algorithm, we have §r(.) = p(.|X, gr), thus

| =—KL(g()llgr(V)) — KL(gr (f)llgr(£))

FPM (G, gr) = U(gr)

and RHS can be easily computed in our EBPM algorithm. Also

FPM(Gp, gr; ZXija > (i), 1) = Eyflog P(Z X5l f, Z (li), 1) + log Zﬁgg] - Z lOQ((Z X))

where the first term is easily computable:
Eyllog p(>_ Xig| £, Y iy W) =D [O - a)y) (F1)y + O Xij) (log f3),]
i i FE i
gr (f) )

Thus we can compute E,[log QF(.f)] (and similarly E,[log Zigf)]) and plug them in to
get EBPM.

B.2. rank k. Similarly the only hard part is the KL divergence between g, g for
L, F. We can get them from EBPM results. Thus,

for each rank-1 problem, we can compute E, Zzgfj:; + log g;gj’;;

Then we compute >, {[>;; (= (lir), (fir), + (Zijr), (log(li)), + (log(fjk)),)] and
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(Lix) (Fyi)
Ey(log §xzry + 109 Grm):

Add them up we get ELBO up to a constant (3_,;; log(X;!)). Let’s write down the
formula explicitly:

ELBO(q,9 Z{Z o Botdy + (Zind, (o)), + (log(F30)),)) + Eflog 22

—Zk: i) 109(Giji) Zlog ")
ij

—E; o i)y + < zgk>q(<109(lik)>q+<109(fjk)>q—log(Cijk))]
ij

+zk:l0g i +log il Zlog

—i; ik)q (fik)g +XijCz‘jk(<l09(lik)>q (log(fik)), — log(Giji))]
ij

+;zog g1 : +log g Zlog !

—i; o (Fir), + Xijlog Ek:ewp (log(lir))q + (log(fir)),))
ij

+%}; log i +log FJ:; Zlog
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