ALGORITHM FOR PMF BACKGROUND MODEL

ZIHAO WANG

1. Model.
(1.1) X = Z Zijk
k
(1.2) Zijk ~ Pois(lio fjolik fik)

lik ~ gr.k(-)s fik ~ grk(.)
We assume that X is sparse: it has m nonzero elements and m << np.

2. Notation. For v ~ ¢(.), I use

(2.1)
2.2

<l

= Eq[v}
= exp(Ey[log(v)])

>

And in the algorithm, ¢ is always the corresponding variational distribution for that
variable.

3. Algorithm.
3.1. ELBO.

(31)  ELBO=C;—Cy+C3

(3.2) Cy = E[log p(Z|L, F, Ly, Fy)]
(3.3) = Z(—liofjoiikﬂk + Zijilog(lio fiolir fir)) — Z E(log(Ziji'))
iik ijk
(3.4) Cy = Ellog qz(Z)]
(3.5) = (Zijrlog(Giji)) + Y _ log(Xi;!) = Y E(log(Ziji!))
ijk ij ijk
_ o gr.(L) o gr(F)
GO G Blon gy )

The last part of C,C5 gets cancelled out.

For convenience , I introduce the following variable:

(37) Bijk = lA,*kfjk

(38) Bij = ZBijk
k

(39) Aijk = l_zkfgk

(3.10) Aij = ZAijk
k

REMARK. In actual implementation: B;; is computed and stored only for those
where X;; # 0; Asj is not computed nor stored.
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3.2. Update formula. In iteration ¢
1. update Z;jx
Using Lagrange Multipler on Cs, it’s easy to see

Bijk
A1 i J
(3 ) C]k <~ Bij
(3.12) Zijk = XijCijk

REMARK. We only need to compute (i, where X;; # 0, and we don’t need
to store this 3 dimensional array. The memory and runtime are only O(m),
instead of O(npK).

2. update qr, 91, qr, gr
By observing C; + C3, we have

(3.13) (qL.k> 9Lk KL k) <= EBPM(y; = Zig, 85 = (Z fiofir)lio)
J

(3.14) (@rk> 97k Klm k) <= EBPM(y; = Z i, 55 = (Y Liolir) f0)

REMARK. The computation of KL-divergence will be explained later.
3. update Bij
t—1 t
(3.15) Bij = Bij — Bz‘(jk '+ Bi(ji:
4. update Zi07 ij
Take derivatives in C; and use the fact that ), ZAijk = X;;, we have

X; X;
3.16 l; Y = S
(3.16) o > fiolii 3o (2 fiofik)
(317) ij — Xj Xj‘

D liﬁAij T Tk, Liokik)

REMARK. The computation is O((n + p)K)

3.3. ELBO computation after update. When we plug in the updates into
the ELBO, we have

(3.18)

L F
ELBO = 3 (~liofiolsj + Xijlog(liofj0Bij) — log(Xi;!)) —i—E(loggL( ) gr(F)
ij

(@) T (F)

(3.19)

= Z(_lioijAij + Xijlog(lio fj0Bij) — log(Xy;!)) — Z KL(qr(re)lgr(lrk)) — Z KL(qr (fr)lgr(fix))
ij p k

REMARK. Again, we don’t need to compute A in actual computation. The KL-
divergence will be explained in the next section.
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Algorithm 3.1 EBPMF-BG

Input: X7s,l50, f70,91,91,9F,9F, Brs
fort=1,...,T do

KL+ 0

for k=1,..., K do

Bzgk — lzkf]k

Zzgk: — Xz ”k

(qr.k> 91,k Kl k) < EBPM(y; = Zi, 50 = (32 fjofir)lio)

(grk, 9r 5, KlF k) I?BPM(yj = Zjkssi = (3 Liolik) f0)
Bij < Bij — Bijk + lik. fjk

KL <~ KL + klg; + Klf &
end
. _ X _
lio ¢ > lin(32; fiofin)

X;.
fio < S Tk (> Liokin)
ELBO = compute-elbo(K L, X, B, A)
end
Output: X74,110, f10,9L,9L,9F,9F

3.4. Algorithm.

4. Compute KL divergence from EBPM. Consider the EBPM problem:
(4.1) yi ~ Pois(s;\;)
(4.2) Ai~g()
Our procedure optimizes the marginal log-likelihood ), log p(y;) for g*, then compute

the posterior p(A;|y:, g%).
The objective can be re-writen this way:

(4.3) 21;109 p(y:) Zl og yz'i ) X

(4.4) = ZEq(/\ [log y’(i fyf) P alolds),

(4.5) —ZEq(/\ [log p(yi|N\i)] — qm[p(g)(\;'%i)]
Use q(\) = p(As|ys), we have

(4.6) —KL(p(Aly)|g(N)) = log p(y Z oy [log P(yil M)

First term on RHS is given by EBPM; the second term can be easily computed.
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